Abstract-This paper describes an analytical model of a single stage of a series-connected multi-stage coaxial magnetic gear (MSMG). This model is a system of spring-mass-dampers which is then used to investigate the vibrational modes and natural frequencies of the system at the rotational speeds observed during operation. This approach includes the bending and shear forces created in the magnetically active area of the gearbox which are generated due to the relative motion of the magnets that in turn produce fluctuating magnetic fields.
I. INTRODUCTION
Magnetic geared systems are known to create non-contact transmission of torque under certain boundary conditions. Due to eliminating the physical meshing gears of traditional mechanical gearboxes, several failure modes related to overload torque conditions, cyclic contact loads, and general wear can be mitigated. Despite of all the advantages come up with the non-contact inherent of the magnetic gears, the low rate of torque transmission has always been an issue in designing magnetic gearboxes. One barrier is the limitations on holding strong magnets too close to each other. As magnets get closer, interactive forces rise up, for which there would be a need for increasing the stiffness of the components holding magnets in their positions which would lead to efficiency reduction.
Vibration analysis of magnetic gearing has not been studied widely, maybe due to the fact that most of the efforts in this field has been conducted only in magnetic design stage. Entering the manufacturability phase and mechanical design requires further analysis on the components and the whole assembly, including dynamic analysis as well as structural, thermal and potentially fatigue analysis. P. Elies and G. Lemarquand [1] are one of the first researchers studied stability of magnetic structures, on a magnetic couplings. They presented a stable magnetic coupling through analytical force analysis between magnetic arrays. Note that the radial position of the magnets is fixed, but there is a relative motion in axial direction between the only two arrays of magnets in this coupling. T. H. Fay and L. Mead [2] modelled the motion of permanent magnets relative to each other by an elementary spring model, in a setup in which one magnet is suspended at one end of a vertical spring, holding directly above a second magnet fixed on the floor. Based on this study, interacting force depends on the distance, non-linearly, of the order -4. In 2010, R. G. Montague, C. M. Bingham and K. Atallah [3] studied dynamics of magnetic gear for servo control, which is based on the torque and force analysis of the magnetic gear. L. Xu and X. Zhu [4] are of the first researchers investigating vibration analysis of the magnetic gears. A planetary gearbox is considered for the analysis for which, interacting forces are modelled as radial and tangential springs, and all the components are considered as rigid bodies. Nonlinear forced vibration of a nested magnetic gearbox is proposed in [5] . In this study, dynamic model is derived through considering interacting forces as springs, whether between permanent magnets and modulating arrays or between ferromagnetic pole pieces and stator. In [6] , reluctant network analysis (RNA) is employed to conduct a dynamic analysis on planetary-type magnetic gear. In this method, each component, is divided into small pieces, each is expressed in a 2-D magnetic circuit. In one of the most recent papers, J. Lee and J. Chang [7] studied vibration characteristics of a coaxial magnetic gear through a 3D finite element analysis.
In the case of Multi Stage Magnetic Gearing (MSMG) system, during operation of the system, permanent magnetic pole pieces serve as the modulator of the magnetic field in the two airgaps [8] . Since permanent magnets are covering specific sections of the full circle of each rotor, based on the gear ratio and arrangement of the pole pairs, there would be cyclical loads between rotors due to the relative motion of the segmented magnets. These oscillating forces applied to the three rotors would result in vibrations within the system which would be of great importance due to the existence of very small airgap between inner rotor and cage rotor, and between cage rotor and outer rotor, as small as 1mm. In this paper, vibration analysis of the Multi Stage Magnetic Gear (MSMG) is proposed, using FEM for force calculation and analytical approach for dynamic analysis of the system. Plus, natural frequencies of the system are also derived to make sure there is no conflict with the operating speeds.
II. DESIGN STUDY
Multi-Stage Magnetic Gearbox (MSMG) comprises of two stages connected in series format, shown in Fig. 1 Following the determination of pole pars combinations based on the assigned torque ratio for the gearbox, mechanical design of the system is started. Inner rotor for each stage is connected to the output shaft and cage rotor is connected to the input shaft which is the high torque/ low speed side of the gearbox. In this design, outer rotors are stationary. Due to the high loads and torques applied to the three rotors, the safety factor of 2.5 is considered for parts design. Table II lists the initial parameter values used in the structural analysis for part design of stage 1. It should be noted that diameter values for the three rotors of the first stage are based on the nested design of MSMG in which, stage 2 was supposed to be mounted into the stage 1, but due to the complexity in manufacturing and assembly process of the system, the two stages are connected in series. Schematic views of the magnetic arrangement of the two stages are presented in Fig. 2 (a) and (b), respectively.
(a) (b) Bending deflection analysis is a structural analysis which is of great importance as the gearbox gets bigger and the magnetic forces increase. In order to study forces created between the three so called rotors, Maxwell's stress tensor is applied [11] 
Where r f , f , r B , B , 0 are the radial force density, tangential force density, radial flux density, tangential flux density and the permeability in vacuum, respectively. As can be seen in [12] , these forces varies along tangential direction. In such scale of gearboxes, manufacturing inner, cage and outer rotor pieces in active region as a single part, with high precision might be impossible or too expensive. So, laminations of the three rotors are segmented into smaller pieces, shown in Fig. 3 . This will cause a non-uniform and large deflection of the components in active region. In order to compensate this problem, support rings are designed and inserted into the assembly to stiffen up the gearbox against magnetic forces. Also, for the second stage, magnetic flux density for the inner and outer rotor magnets are presented in Fig. 7 (a) and (b) , respectively. Note that the second stage of the gearbox is in assembled at the moment, and it will be studied in the future. Full assembly of the first stage of MSMG and its positioning on test bed are shown in Fig. 8 (a) and (b) , respectively. Note that stage 2 of the MSMG is substituted by Sumitomo planetary gearbox (blue gearbox in Fig 8b) to mitigate the work of second stage of the MSMG before it is completed. 
III. DYNAMIC MODELLING
Modulating arrays need to tolerate the bending forces and mechanical stresses caused by magnets. Since there is a small air-gap between the three rotors (1 mm for the case of MSMG), vibration analysis of the system, specifically detecting displacement range of the system in presence of oscillating forces, as well as natural frequencies, seems a very considerable concern as the system dimensions and interacting forces rise up. In order to model the MSMG system, following assumptions are employed: No unbalance effect is considered for the rotating components and all the vibrations is assumed to be due to the magnetic forces. Tooth separations is neglected. During relative motion of modulating components, there would be a very small gap between magnets and laminations supporting them due to the tolerance issues that may result in very small misalignment, which is not included in this study [4] . On the contrary of the rigidity assumption of components in [4] , stiffness of the components is considered in this survey. Magnetic interactions between the three rotors as the source of vibrations are derived from finite element analysis of the magnetic model of the system in JMAG software. Due to the fact that magnetic pole pairs in inner rotor and cage rotor are segmented all around the full circle of each rotor, plus the fact that cage array is also segmented, interacting forces are of oscillating format along tangential direction which also result in oscillating forces versus time for each rotor as there are relative motions between the three of them. Fig. 9 shows the engage and separation areas of the three rotors relative to each other. Also, time-history of magnetic forces between the three layers of the first stage of MSMG are presented in Fig. 10 . These forces are the resultant forces applied to all segments of the three rotors due to the interactions between permanent magnets and modulating pieces. What each piece of the three rotors are experiencing Due to oscillating forces applied to the inner, cage and outer rotor of the magnetic gearboxes, and the fact that there are very small air gaps between inner rotor and cage rotor, as well as cage rotor and outer rotor, dynamic analysis is an essential approach to make sure the system will work in good order, meaning that each part does not displace more than the space that is provided for it before it touches any other parts and causes any damage or break down. For this purpose, the multi stage magnetic gear box (stage 1) is designed as a system of masses, springs and dampers. Fig 10 represent dynamic model of MSMG-stage 1. Assumptions for this model are as follows: Attraction and repulsion between magnets are modeled as net forces applied to each rotor. These forces are extracted from simulation of the system in JMAG software.
Bearings are modeled as a set of spring-mass-damper [13, 14] , knowing that stiffness is of the order of x3/2. The input shaft and output shaft are modeled as one shaft, because they are almost equal in their cross section area, plus they are connected through a ball bearing. The shaft is divided into three parts in order to be able to prepresent the effect of bending on the different rotors. Equations of motion for this system can be derived through isolating each mass and applying forces that are of impact on it. Based on the dynamic model of the system shown in Fig.  11 , equations of motion are as follows: 1 2 4 4 )... 
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In these diagrams, X's refer to displacements (whether in x direction or in y direction), F's refers to forces applied to the system, M's refer to masses of different components, K's refer to the stiffness of the components, and C's refer to values for damping value. It should be mentioned that: -Mass values are calculated using SolidWorks software material property library, through modeling all the parts and assigning material for them.
-Stiffnesses for shaft portions and laminations are extracted from bending deflection of the parts, plus related equations in [15] .
-Stiffnesses of the end plates are calculated using equations of displacement under axial load, in addition to a factor of 0.76 -1 which is extracted through comparing displacement of a single bar under axial load with simulation results in SolidWorks software.
-Damping constants of the bearings are derived from [13, 14] . Stiffness values of the system are extracted from a superposition approach between the normal modes values formulated for uniform beams with various boundary conditions [16] . The boundary conditions for the active region components are considered as clamped-clamped, while for the endplates, boundaries are clamped-pinned. According to [16] In which, n is the normal mode number.
IV. RESULTS
Equations of Motion have been rearranged and they are prepared for solving a set of equations which contains 13 unknown variables, i. e. 13 degrees of freedom. In order to solve these equations, MATLAB software has been utilized. In addition, Simulink as a module of MATLAB is used to provide a graphical framework to solve EOMs [17] [18] [19] . Time domain in which the equations are solved is 4 times of the time domain in which forces are presented in Fig. 10 , and the forces are repeated in the rest of time domain. The purpose of this is to be able to observe a repetitive behavior of the system which was not a completely achieved in 0.067s. Displacements of the inner rotor laminations, cage rotor laminations and outer rotor laminations, as well as displacement of the inner portion of the shaft which is the middle part of the input shaft and output shaft that has the highest displacement are presented in Fig. 12 According to Fig. 12 (a) , maximum displacement of the inner rotor due to oscillating forces is 0.04mm. This value for cage rotor, according to Fig. 12 (b) , is 0.15mm. Absolute difference of these two values represents the amount of airgap reduction. Reduction in inner airgap which is between inner rotor and cage rotor is depicted in Fig. 13 (a) maximum airgap reduction is not more than 0.165mm. Based on the pre-designed airgap equal to 1mm, 0.165mm can be considered as an acceptable deflection to avoid any contact between inner rotor and cage rotor. On the other hand, based on Fig. 12 (c) , maximum displacement for outer rotor is around 0.025mm which is remarkably smaller than cage rotor maximum displacement. Absolute difference of the values for cage rotor displacement and outer rotor displacement reveals the amount of reduction in the outer airgap which is between cage rotor and outer rotor. According to Fig. 13 (b) , airgap reduction between cage rotor and outer rotor has the maximum value of 0.15mm. Again, with the same discussion as inner airgap, dynamic displacement of cage rotor and outer rotor lamination stacks is in acceptable range to prevent any conflict between cage and outer rotor action.
(a) (b) Fig. 13 Amount of reduction in (a) inner airgap (between inner rotor and cage rotor), and (b) in the outer airgap (between cage rotor and outer rotor). Fig. 12 (d) , also shows the displacement of the inner portion of the shaft which has the maximum value of displacement, because it has less support than the other two portions. Displacement for inner portion of shaft is less than 0.03mm, according to Fig. 12 (d II. CONCLUSION Even a single stage of a flux focusing magnetic gear is a complex assembly, with numerous components subject to time varying loads. As such, it is expected that there would be similar number of modes of vibration and corresponding natural frequencies that could be encountered during operation. In order to realize the potential of magnetic gears for maintenance free operation over the life of the gearbox, it is important to identify natural frequencies within the system to avoid resonances that could cause high amplitude displacements or stresses in the assembly.
